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Abstract—We present fixed lag smoothing for in-
tegrated probabilistic data association (IPDA). The
IPDA track state is hybrid and consists of target exis-
tence state and the target trajectory state. The Fixed
Lag smoothing IPDA (FLs-IPDA) considers all feasible
target existence sequences in last N scans to get the
improvement in target hybrid state at fixed lag. This is
illustrated by the fixed lag of 2 as a special case.

Index Terms—Fixed Lag Smoothing, IPDA, false
track discrimination, target existence, Single Target
Tracking.

I. Introduction

SMOOTHING is a well established technique in which
current information is used to improve the state

estimates for previous scans using additional information.
In the field of target tracking, smoothing implies that
track estimate for past scans is improved based upon the
measurements received at the current and intermediate
scans.

In surveillance applications, we have detections not only
from the target but also from some other unwanted ran-
dom sources which we term clutter. Moreover the target
measurements are unreliable and only present at each scan
with a certain probability of detection Pd. Thus the origin
of each measurement is uncertain.

Tracks are initialized using measurements in each scan.
Both true tracks (following a target) and false tracks (not
following a target) are formed. The false track discrim-
ination (FTD) attempts to confirm true tracks and to
eliminate the false tracks. The work presented here is for
single target tracking.

One of the most cited algorithms for data association is
Probabilistic Data Association (PDA) [1]. The PDA pro-
vides the data association formula but provides no track
quality measure for false track discrimination. The Multi-
ple Hypotheses Tracking (MHT) [2] uses the track score
for false track discrimination. Later the concept of target
detectability was applied to the PDA based filtering in [3].
The Integrated Probabilistic Data Association (IPDA) ([4],
[5] ) considers target existence as a track quality measure.
The practical issues for IPDA applications are discussed
in [6].
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The basic principles of smoothing approach in estima-
tion are discussed in [7]. The concept of fixed lag smooth-
ing for multi target scenario using PDA is proposed in [8].
It only smooths the state trajectory estimate without a
track quality measure.

Work on smoothing in target tracking is growing. [9]
proposes Augmented State Integrated Probabilistic Data
Association (ASIPDA) by applying augmented trajectory
state on IPDA. But in ASIPDA, the smoothing probability
of target existence uses the smoothing innovation obtained
at current scan only. In sIPDA [10], authors use forward
and backward prediction based smoothing approach on
IPDA [4]. Another extension of smoothing considers track
splitting for single target smoothing in [11].

In this paper, the target state trajectory is smoothed
at fixed lag of N . This algorithm uses information from
all intermediate scans in the smoothing interval. Multi-
scan target existence events are defined and are used as
weights for each smoothing update in last N scans. A new
approach to improve the target existence probability at
fixed lag of N is also proposed. All feasible multi-scan
target existence events are considered in last N scans.

We present a special case of smoothing state with lag of
N=2 which may be easily generalized. Track hybrid state,
which is composed of target trajectory state and target
existence state, is updated at scan k−2 using information
of scans k − 1 and k.

This paper is organized as follows. The basic models
used are discussed in Section II. The fixed lag smoothing
IPDA is discussed along with some fundamental notations
in Section III. The proposed algorithm is discussed in
the same section. The simulation results are presented in
Section IV followed by concluding remarks in Section V.

II. Mathematical Model
This section describes the target and the measurement

models used in this paper. The point target is a basic
assumption, we also assume that each measurement
has only one source; it is either a target detection or a
clutter measurement (the infinite sensor resolution model).

A. Target Model
The target existence at time k is a random event de-

noted by χk. We assume that target propagates following



the Markov Chain One model [4]. The probability that
target exists at time k given that it exists at time k− 1 is

p1,1 ≡ P{χk|χk−1} ≈ 1− ∆Tk−1,k

Tave
(1)

where ∆Tk−1,k denotes the time interval between scan k−
1 and scan k and Tave � ∆Tk−1,k is average duration
of target existence [12]. The target existence χk and the
target non existence χ̄k events are mutually exclusive and
exhaustive events. Thus

P {χk}+ P {χ̄k} = 1 (2)

The probability that the target exists at time k given non-
existence at k − 1 scan is

P{χk|χk−1} = 0 (3)

The target trajectory state xk at time k propagates by

xk = Fk−1xk−1 + wk−1 (4)

where wk−1 is a sequence of zero mean, white Gaussian
samples, with covariance Qk−1. Fk−1 is known trajectory
propagation matrix.
where

Fk−1 =
[

I2 T I2
02,2 I2

]
(5)

and

Qk−1 = q
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 (6)

where scalar q denotes the root mean square of the accel-
eration plant noise.

B. Measurement Model
The target measurement is present in each scan with

the probability of detection Pd and equals at scan k

yk = Hxk + vk (7)

where vk is a zero mean white Gaussian sequence with
known covariance Rk. Hk is a known measurement matrix.
Process noise wk−1 and measurement noise sequences vk
are uncorrelated.

At each scan, the sensor also returns a random number
of clutter measurements, which follow a Poisson distribu-
tion [13]. The clutter measurement density ρy is assumed
to be known or estimated [13].

The set of measurements received at scan k includes
no prior knowledge about its origin. Let Yk denote the
set of measurements received at scan k with cardinality
mk. Where Y k = {Yk, Y k−1} is the set measurement
including measurements received at current scan and all
previous scans. yk,i denotes the ith measurement of Yk and
measurement density ρk,i = ρ(yk,i).

Fig. 1. State Flow Diagram

III. Fixed Lag Smoothing IPDA
We present the fixed lag smoothing IPDA. The tar-

get trajectory state and the target existence state are
smoothed using fixed lag of 2 as a special case.

In last N = 2 scans the target existence is a random
event. We enumerate and evaluate all possible and
feasible target existence outcomes. There are four possible
outcomes for target existence event between scan k − 1
and k given target existence event at scan k − 2:

1: Target exists in both scan k − 1 and scan k.

2: Target exists at scan k − 1 but does not exist at
scan k.

3: Target does not exist at both scan k − 1 and scan k.

4: Target does not exist at scan k − 1 but exists at
scan k.

The fourth outcome is not feasible, since if the target
does not exist at scan k − 1 then it will not exist in
subsequent scans. Thus only first three cases are feasible.
All feasible cases are depicted in Fig. 1.

If the target did not exist at scan k− 2 then it remains
in non existence state in all subsequent scans.

A. Smoothed Trajectory State Update
For reasons of simplicity we provide the key steps of

fixed lag smoothing for target trajectory state. The mea-
surement information for two subsequent scans are used to
smooth the target trajectory state at fixed lag of 2. One
complete recursion cycle is provided here to calculate te
the fixed lag smoothed trajectory state at current scan k.

Tracks maybe initialized at each scan by two point
differencing [4]. Other options are also possible [6]. The
recursion at scan k starts with the trajectory state update



at scan k − 2:

p(xk−2|χk−2, Y
k−2) = N

(
xk−2; x̂k−2|k−2,Pk−2|k−2

)
(8)

The smoothing update at each scan k−1 can be obtained
by using any of smoothing algorithm. Both RTS and AS
techniques for smoothing could be used. Here, we use AS
Smoothing ([7], [14]).

The augmented track trajectory state and augmented
track error covariance matrix at scan k − 2 are Xas

k−2 and
P ask−2

X̂as
k−2|k−2 =

[
x̂k−2|k−2 x̂k−3|k−2 x̂k−4|k−2

]T (9)

and

P ask−2|k−2 =

 Pk−2|k−2 · ·
· Pk−3|k−2 ·
· · Pk−4|k−2

 (10)

where · in augmented state error covariance matrix above
corresponds to cross covariance of state components, not
detailed here for reasons of clarity. The augmented state
propagation matrix is

F as =

Fk−1 04,4 04,4
I4 04,4 04,4

04,4 I4 04,4

 (11)

The trajectory plant noise covariance matrix for
augmented state dynamic system is

Qas =

Qk−1 04,4 04,4
04,4 04,4 04,4
04,4 04,4 04,4

 (12)

The measurement matrix becomes

Has =
[
Hk 02,4 02,4

]
(13)

where I4 is 4-dimensional identity matrix and 04,4 and
02,4 are 4× 4 and 2× 4 zero matrices respectively. Terms
wk−1, vk, Fk−1, Qk−1 and Hk are defined in (4) and (7).

Here we present the key steps of the complete recursion
cycle of track. We use the pseudo-function KFP and KFU
for standard Kalman filter prediction and update cycles
respectively. The KFP is[

x̂k|k−1,Pk|k−1
]

=
KFP

(
x̂k−1|k−1,Pk−1|k−1,Fk−1,Qk−1

)
where

x̂k|k−1 = Fk−1x̂k−1|k−1
Pk|k−1 = Fk−1Pk−1|k−1FTk−1 + Qk−1

(14)

and KFU is[
x̂k|k,Pk|k

]
=

KFU
(
yk, x̂k|k−1,Pk|k−1,R,H

)

where
Sk = HPk|k−1HT + R
Kk = Pk|k−1HTS−1

k

x̂k|k = x̂k|k−1 + Kk

(
yk −Hx̂k|k−1

)
Pk|k = Pk|k−1 −KkHPk|k−1

(15)

1) Track Prediction: The augmented trajectory state is
propagated from scan k − 2 to scan k − 1[

X̂as
k−1|k−2, P

as
k−1|k−2

]
=

KFP

(
X̂as
k−2|k−2, P

as
k−2|k−2, F

as, Qas
)

where KFP is the standard Kalman filter prediction. The
predicted augmented track trajectory state pdf is

p
(
Xas
k−1|χk−1, Y

k−2) = N
(
Xas
k−1; X̂as

k−1|k−2, P
as
k−1|k−2

)
(16)

2) Measurement Selection and Measurement Likelihood:
To reduce computational requirements, the gating proce-
dure is used to select the measurement subset for track
update. The gating procedure [5] applies test (17) on each
measurement and selects the yk−1,i(
yk−1,i−HasX̂as

k−1

)T (
Sask−1

)−1
(
yk−1,i−HasX̂as

k−1

)
≤ g
(17)

Sask−1 = HasP ask−1|k−2H
asT

+ R (18)

where g is the selection threshold, In our simulated
two-dimensional surveillance, we choose g = 9.21, which
corresponds to the gating probability Pg = 0.99.

The measurement likelihood of selected measurements
at scan k − 1 is defined as

pk−1,i|k−2 ≡ p
(
yk−1,i|χk−1, Y

k−2)
= 1
Pg
N
(
yk−1,i, ŷk−1|k−2, Sk−1

) (19)

The measurement likelihood ratio at scan k − 1 equals

Λk−1 = 1−PdPg+PdPg

mk−1∑
i=1

p
(
yk−1,i|χk−1, Y

k−2)
ρk−1,i

(20)

3) Track Update: The trajectory state at scan k − 1
using the measurement yk−1,i is updated by running the
standard Kalman filter update using (16)[

X̂as
k−1(i), P ask−1(i)

]
=

KFU

(
yk−1,i, X̂

as
k−1|k−2, P

as
k−1|k−2,R, Has

) (21)

The augmented trajectory state mean and error covariance
matrix equal

X̂as
k−1 =

mk−1∑
i=0

βk−1(i)X̂as
k−1(i) (22)



P ask−1 =
mk−1∑
i=0

βk−1 (i)

 P ask−1 (i) +
(
X̂as
k−1 (i)− X̂as

k−1

)
(
X̂as
k−1 (i)− X̂as

k−1

)T


(23)

where βk−1(i) is the data association probability obtained
at scan k − 1 and equals

βk−1(i) = 1
Λk−1

T (i) (24)

T (i) =


1− PdPg , i = 0

PdPg
pk−1,i|k−2

ρk−1,i
, i > 0

(25)

The trajectory state estimate at scan k − 1 equals

p
(
xk−1|χk−1, Y

k−1) = N
(
xk−1; x̂k−1|k−1,Pk−1|k−1

)
(26)

The smoothing estimate for scan xk−2|k−1 becomes

p
(
xk−2|χk−1, Y

k−1) = N
(
xk−2; x̂k−2|k−1,Pk−2|k−1

)
(27)

At time step k, the recursion steps 1-3 are repeated to
get the track trajectory state and its smoothed trajectory
state. The Kalman filter prediction for scan k is[
X̂as
k|k−1, P

as
k|k−1

]
= KFP

(
X̂as
k−1|k−1, P

as
k−1|k−1, F

as, Qas
)

(28)

The pdf for the augmented state and error covariance at
scan k is

p
(
Xas
k |χk, Y k−1) = N

(
Xas
k ; X̂as

k−1|k−1, P
as
k−1|k−1

)
(29)

The measurement likelihood ratio for the selected mea-
surements in the scan k (using recursion step 2) equals

Λk = 1− PdPg + PdPg

mk∑
j=1

p
(
yk,j |χk, Y k−1)

ρk,j
(30)

The Kalman filter update delivers the state update at scan
k with respect to each selected measurement yk,j[

X̂as
k (j), P ask (j)

]
=

KFU

(
yk,j , X̂

as
k|k−1, P

as
k|k−1,R, Has

) (31)

The output at scan k is the trajectory state estimate

p
(
xk|χk, Y k

)
= N

(
xk; x̂k|k,Pk|k

)
(32)

and the pdf of smoothing estimate xk−2|k is

p
(
xk−2|χk, Y k

)
= N

(
xk−2; x̂k−2|k,Pk−2|k

)
(33)

The key step of this algorithm is to update the track
trajectory state at fixed lag of 2. For this we use all
feasible multi-scan target existence events defined in
Section (III) along with the filtered trajectory state (8)
and the smoothing trajectory state estimates for (27) and
(33).

p
(
xk−2|χk−2, Y

k
)

= p
(
xk−2|χk, Y k

)
P
{
χk|χk−2, Y

k
}

+p
(
xk−2|χk−1, Y

k−1)P {χ̄k, χk−1|χk−2, Y
k
}

+p
(
xk−2|χk−2, Y

k−2)P {χ̄k−1|χk−2, Y
k
}

(34)

The multi-scan events in (34) are

P
{
χk|χk−2, Y

k
}

= ΛkΛk−1p
2
11

1− (1− Λk−1) p11 − Λk−1p2
11 (1− Λk)

(35)
The second weight term in (34) becomes

P
{
χ̄k, χk−1|χk−2, Y

k
}

= (1− p11) Λk−1p11

1− (1− Λk−1) p11 − Λk−1p2
11 (1− Λk)

(36)
Last weight term in (34) becomes

P
{
χ̄k−1|χk−2, Y

k
}

= 1− p11

1− (1− Λk−1) p11 − Λk−1p2
11 (1− Λk)

(37)

where p11 is the transition probability of target existence
defined in (1) that it exists in both consecutive scans.
Λk−1 and Λk are the measurement likelihood ratios at
scan k − 1 and k respectively as defined in (20) and (30).

B. Smoothed Target Existence State Update
At scan k, we start with target existence probability

updated at scan k − 2, P
{
χk−2|Y k−2}.

To get the smooth target existence probability for the
fixed lag of 2, we use all the feasible multi-scan target
existence events and it becomes

P
{
χk−2|Y k

}
= P

{
χk|Y k

}
+ P

{
χ̄k, χk−1|Y k

}
+ P

{
χ̄k−1, χk−2|Y k

} (38)



For reason of simplicity detailed derivations are omitted
and the final form becomes

P
{
χk−2|Y k

}
=

fN=2
χk−2

S
(
fN=2
χk−2

) (39)

The terms in (39), fN=2
χk−2

and S
(
fN=2
χ

)
equal

fN=2
χk−2

=
[
1− p11 + Λk−1p11 (1− p11) + ΛkΛk−1p

2
11
]

P
{
χk−2|Y k−2}

(40)

S
(
fN=2
χk−2

)
= 1−

[
p11 − Λk−1p11 (1− p11)− ΛkΛk−1p

2
11
]

P
{
χk−2|Y k−2}

(41)

where p11 is target existence state transition probability.
Λk and Λk−1 are the measurement likelihood ratios at
scan k − 1 and scan k respectively. The hybrid smoothed
state will comprise of N -lag smoothed trajectory state
and smoothed target existence state, such as

p
[
xk−2, χk−2|Y k

]
= p

(
xk−2|χk−2, Y

k
)
P
{
χk−2|Y k

}
(42)

where p
(
xk−2|χk−2, Y

k
)

and P
{
χk−2|Y k

}
are defined in

(34) and (39).

C. Algorithm Flow Chart
The flow of algorithm is shown in Fig. 2. We implement

the smoothing algorithm for special case of N=2.
For proper recursion of one iteration

Input p
[
xk−2, χk−2|Y k−2]

1: Scan k − 1 :

Update, p
[
xk−1, χk−1|Y k−1] , p

{
xk−2|χk−1, Y

k−1}
and measurement likelihood Λk−1 .

2: Scan k:

Update p
[
xk, χk|Y k

]
, p
{

xk−2|, χk, Y k
}

, measurement
likelihood Λk.

Output: p
[
xk−2, χk−2|Y k

]
.

IV. Simulation Study
We compare the performances of IPDA [4], sIPDA [10]

and FLs-IPDA. The surveillance area is 1000m long (x-
axis) and 400m wide (y-axis). The measurements are

Fig. 2. Flow Diagram for Fixed Lag Smoothing IPDA

provided with Pd = 0.9 from the sensor with measurement
covariance R = 25I2m

2, where I2 is the identity matrix.
The value of process noise parameter in (6) is q = 0.75.
Uniform clutter measurement density is ρ = 2×10−4m−2.

The target moves with the uniform motion with speed
of 15m/s along x-axis. The initial position of target is
[50m, 200m]T . Fig. 3 shows the surveillance area with
target trajectory and a collection of clutter measurements
for entire period for one simulation run. Each simulation
run consists of 48 scans and each simulation experiment
consists of 1000 simulation runs.

Tracks are initialized using the two point differencing
[4] with maximum target velocity of 25m/s. We assume
the Markov Chain One model of target existence with



Fig. 3. Surveillance Area Scenario

Fig. 4. RMSE for Confirmed True Tracks only

transition probabilities
p11 = 0.98 p12 = 0.02
p21 = 0 p22 = 1 (43)

The gating probability Pg is 0.99. A track is assumed to
be a true track if

∆T
kP−1

2|2∆k < 20 (44)

and it becomes a false track otherwise. In (44), ∆k =
xk−x̂k is the difference between the target true trajectory
state and the estimated target trajectory state at scan k
and P2|2 satisfies

P2|2 =
[

R R/T
R/T 2R/T 2

]
(45)

Fig. 5. Confirmed True Track Ratio Analysis

where T = 1s is sampling time.

The Root Mean Square Error is calculated for the
confirmed true tracks only and the results are presented
on Fig. 4. Both sIPDA and FLs-IPDA use information of
two subsequent scans to update the trajectory estimate
and they both show significant improvement over IPDA.
At the last scan there is no smoothing and all algorithms
have the same RMSE. With the fixed lag of 2 scans,
both smoothing algorithms performed almost similar in
terms of smoothing RMSE. Fig. 5 shows the confirmed
true track rates for all three algorithms over time.
The total number of scans for which false tracks exist
are approximately equal (≈ 180) for all algorithms.
It indicates that FLs-IPDA has the best false track
discrimination performance over sIPDA and IPDA.

V. Conclusion

A new approach to generate fixed lag smoothing update
using all intermediate smoothed states in the smoothing
interval is proposed for IPDA. Multi-scan events for
target existence are used to weight smoothed state
received at each scan from standard smoothing algorithm.
The target existence probability is also smoothed for
fixed lag of 2 by considering all feasible existence
events. The results are obtained for a high clutter
environment. RMSE for the true track is obtained for the
proposed FLs-IPDA algorithm and as expected it shows
considerable improvement as compared to IPDA. The
results of the confirmed true track rate indicate that FLs-
IPDA has the best false track discrimination performance.
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